For any natural number k, a graph G is said to be pancyclic mod k if it contains a cycle of every length modulo k. In this paper, we show that every K 1,4 -free graph G with minimum degree δ(G) ≥ k + 3 is pancyclic mod k and every claw-free graph G with δ(G) ≥ k + 1 is pancyclic mod k, which confirms Thomassen's conjecture [8] for claw-free graphs.
INTRODUCTION
We use [2] for our basic notation and terminology and study graphs which have no loops or multiple edges and let δ(G) denote the minimum degree of a graph G. For any natural number k, we define a graph to be pancyclic mod k if it contains a cycle of every length modulo k. For two integers k(> 0) and s(≥ 0), a cycle of length l is called an (s mod k)-cycle if l ≡ s mod k.
Dean [5] proved that every 3-connected planar graph with δ(G) ≥ k is pancyclic mod k when k = 4 or 5. Chen and Saito [3] proved that every graph G with δ(G) ≥ 3 contains a (0 mod 3)-cycle. The work of Dean, Kaneko, Ota and Toft [6] showed that every 2-connected graph G with δ(G) ≥ 3 contains a (1 mod 3)-cycle and a (2 mod 3)-cycle except the Petersen graph, K 4 , and K 3,n . Further, a longest path/pigeon hole principle argument can be used to show that every graph with minimum degree at least k + 1 contains a (2 mod k)-cycle. The above results imply that every graph G with δ(G) ≥ 4 is pancyclic mod 3. Thus, the following conjecture of Thomassen [8] is true for k = 3. Conjecture 1. Every graph G with δ(G) ≥ k + 1 contains a (2s mod k)-cycle, where s and k are natural numbers.
In [7] it is proven that every graph with minimum degree at least 4 contains a (0 mod 4)-cycle. Hence, the conjecture holds for k = 4.
A graph G is said to be vertex-pancylic mod k if, for every vertex v, G has an (s mod k)-cycle containing v for each s, 0 ≤ s < k. We say that a graph G is H-free if G does not contain a copy of H as an induced subgraph. By the claw we mean the complete bipartite graph K 1,3 . Thus, G is said to be claw-free if it does not contain an induced subgraph that is isomorphic to K 1,3 . Claw-free graphs have been a subject of interest of many authors in the recent years. In the present paper we discuss the pancyclicity mod k of claw-free graphs and K 1,4 -free graphs.
The following results are obtained.
Theorem 2 implies that Conjecture 1 is true for claw-free graphs and sharpness is guaranteed by considering K k+1 .
We conjecture that the following statement is also true.
A LEMMA AND THE PROOFS OF THEOREMS 1 AND 2
Theorem A [4] . Let G be a graph with at least three vertices. If the connectivity number κ(G) ≥ α(G), the independence number of G, then, G is hamiltonian.
Theorem B [1] . Let G be a graph with κ(G) + 1 ≥ α(G). Then G contains a hamiltonian path.
We denote the number of components of a graph G by ω(G), the subgraph of G induced by S ⊆ V (G) by S , and the neighborhood set of S in G by N (S). We simply write N (v) instead of N ({v}) if S = {v}. Lemma 1. Let u be a vertex of graph G with d(u) ≥ k + 3, and P = v 0 v 1 · · · v t , a path of G, with u ∈ V (P ) and {v 0 , v t } ⊆ N (u) ⊆ V (P ). Then,
(1) either V (P ) = N (u), or ω(P − N (u)) = 1, imply that G has an (s mod k + 2)-cycle containing u for each s, 0 ≤ s < k + 2, and G is pancyclic mod k.
(2) ω(P − N (u)) = 2 having two components, path v a v a+1 · · · v b and path
Proof of Lemma 1(1). As in Lemma 1(2), the proof is immediate. 2
The path of Lemma 1 satisfying hypotheses of either (1) or (2) is called a mod-path with respect to u. Since G is claw-free, N (v) consists of two disjoint cliques H 1 and H 2 . Now, G is 2-connected. Hence, there is a path P such that P connects H 1 and H 2 , and v ∈ V (P ). Therefore, G has a mod-path with respect to v. By Lemma 1(1), G has an (s mod k)-cycle containing v for each s, 0 ≤ s < k. This completes the proof of Theorem 1. 2 Proof of Theorem 2. Let P 0 be a longest path in G with beginning vertex v. Then, N (v) ⊆ V (P 0 − v). If κ( N (v) ) = 0, then N (v) consists of two disjoint cliques H 1 and H 2 . Since P − v is connected, there is a path P 1 connecting H 1 and H 2 with v ∈ V (P 1 ). The rest of the proof of Theorem 2 follows the proof of Theorem 1. 2
Proof of Theorem 1. For any vertex
v in G, α( N (v) ) ≤ 2, since G is claw-free.
THE PROOF OF THEOREM 3
To the contrary, assume that there is a K 1,4 -free graph G with δ(G) ≥ k + 3 such that G is not pancyclic mod k. Let P = v 0 v 1 · · · v t be a longest path of G, and let u = v 0 . Then, d(u) ≥ k + 3, N (u) ⊆ V (P ), and α( N (u) ) ≤ 3, since G is K 1,4 -free.
Then, κ( N (u) ) + 1 ≥ α ( N (u) ). By Theorem B, N (u) has a hamiltonian path which is a mod-path with respect to u. Thus, by Lemma 1(1), G is pancyclic mod k, a contradiction.
For f ≥ 2, let S 1 , S 2 , · · · , S f , be a nonempty partition of N (u). A sub-path v a v a+1 · · · v b of P is said to be a u-segment with respect to
, and v b ∈ S j , where {i, j} ⊆ {1, 2, · · · , f } and i = j . We simply write a u-segment instead of a u-segment with respect to
We obtain the following Claims 1 and 2 immediately and offer a proof of Claim 3. Proof. By way of contradiction, suppose that H 1 , H 2 , and H 3 are pairwise disjoint cliques of G with
Since N (u) ⊆ V (P − u) and P − u is connected, we assume by Claim 1, without loss of generality, that there are two internally disjoint
, then, clearly, G contains a mod-path with respect to u. By Lemma 1(2), G is pancyclic mod k, a contradiction.
If v a = v c with h 1 ≥ 2, say v a = v 1 1 , then, since P − u is connected, there is another u-segment v e v e+1 · · · v f with respect to {V (
We assume, without loss of generality, that v f = v 2 i for some i, 1 ≤ i ≤ h 2 . Thus, the path v 3
is a mod-path with respect to u. By Lemma 2(2), G is pancyclic mod k, a contradiction. This completes the proof of Claim 3. 2 Case 2. κ( N (u) ) = 1. Let H 1 , H 2 , and H 3 be components of N (u) − {v } . Then, H i , 0 ≤ i ≤ 3, is a clique in G, since G is K 1,4 -free.
If at least one of V (H 1 ) ∪ {v } , V (H 2 ) ∪ {v } , and V (H 3 ) ∪ {v } is a clique, say V (H 1 ) ∪ {v } is a clique, then the existence of the three cliques H 2 , H 3 , and V (H 1 )∪{v } contradicts Claim 3. Thus, there is u i ∈ V (H i ) with u i v ∈ E(G) for each i, 1 ≤ i ≤ 3. Hence, the induced subgraph {u, u 1 , u 2 , u 3 , v } is isomorphic to K 1,4 , a contradiction.
